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38026 Grenoble Cedex, Franee 
*Institut de Physique Nucléaire, Division de Physique Théorique, 
B.P. no 1, 91406 Orsay, France 
Résumé - Nous montrons cornent la partie moyenne de la transEormée de 
Wigner de p  correspondant à un potentiel Woods-Saxon peut être calculée 
semi-classiquement. Nous trouvons une diffusivité dans l'espace de phase 
appréciable mais toujours bien plus petite que l'énergie de Fermi, ce qui 
justifie le développement en -5 à la Wigner-Kirkwood. En utilisant ce fait, 
nous proposons et réalisons une nouvelle méthode semi-classique pour le 
problème Hartree-Fock qui est directement basée sur le développement en 
5 de Wigner-Kirkwood. En conséquence, nous n'avons pas besoin d'une fonc- 
tionnelle 7  I p 1  . 
Abstract - It is shown how the smooth part of the Wigner transform of p 
corresponding to a Woods-Saxon potential can be calculated semiclassical- 
ly. We find that its surface thickness in phase space is appreciable 
but always much smaller than the Fermi energy thus justifying the Wigner- 
Kirkwood 5 expansion. Using this fact we propose and perform a new semi- 
classical Hartree-Fock method directly based on the Wigner-Kirkwood ex- 
pansion. No functional ~ [ p ]  is therefore needed. 
At first we want to study the Wigner transform of a density matrix corresponding to 
A independent nucleons in a phenomenological potential like e.g. the Woods-Saxon 
potential. 
It is well known how to obtain the usual Wigner Kirkwood 6 expansion for the Wigner 
transform of the density matrix : 
,. 
Here W stands for Wigner transform, H is the single particle Hamiltonian and Hc its 
classical counterpart. A 
The Wigner transforms of the different powers of (H-Hc) are eas'ly evaluated and E one obtains in the case of a local potential v@) up to order -?I / 1 /  (generalisation 
to non local potential is straightforward) : 
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This expansion i s  ev iden t ly  an asymptotic expansion i n  terms of d i s t r i b u t i o n s  where 
t h e  d e r i v a t i v e s  of 6-functionsmock up a  c e r t a i n  su r face  thickness  t o  be added 
t o  t h e  pure s t e p  func t ion  of the  lowest o rde r  (Thomas-Fermi) term. 
A very s imi la r  expansion e x i s t s  f o r  t h e  low temperature expansion of t h e  Fermi 
d i s t r i b u t i o n  /2/: 
Also he re  t h e  6'-term s imulates  t h e  f i n i t e  d i f fuseness  of the  Fermi func t ion  a s  can 
be e a s i l y  v e r i f i e d  i n  "enlarging" t h e  6-function somewhat. The formula (3) i s  an 
asymptotic expansion s ince  F(E)  has  an e s s e n t i a l  s i n g u l a r i t y  i n  T  and thus  does 
not a l low f o r  a  Taylor s e r i e s  i n  T  i n  t h e  ordinary sense. Nevertheless (3) i s  f o r  
T  < cF extremely p r e c i s e  f o r  t h e  evaluat ion of mean values  s ince  one can show 
(from t h e  de r iva t ion  of eq . (3 ) )  t h a t  the  e r r o r  i s  of order  exp (- E ~ / T ) .  To a s s e s s  
whether (2) i s  a l s o  an accurate  asymptotic expansion of t h e  t r u e  func t ion  we have 
t o  f i n d  the  funct ion t o  which ( 2 )  i s  i t s  asymptotic expansion ( i t  i s  well  known 
(S .  harmonic o s c i l l a t o r )  t h a t  t h e  Wigner t ransform of t h e  t r u e  dens i ty  matrix has 
an e s s e n t i a l  s i n g u l a r i t y  i n  +i and thus  5 i n  (2)  p lays  an analogous r o l e  t o  T  i n  (3)). 
This r e c o n s t i t u t i o n  i s  probably only poss ib le  approximately; we want t o  do t h i s  i n  
the  following way. 
The Laplace transform with  respec t  t o  t h e  v a r i a b l e  cF i s  given by / 1 /  : 
One cEn show / 1 /  t h a t  a l 1  powers of TV i n  (4) a r e  p a r t i a l l y  resummed i f  one w r i t e s  
t h e  ( v v ) ~  term e x p l i c i t e l y  shown i n  (4) i n t o  t h e  exponent : 
This expression i s  i n c i d e n t a l l y  exact  f o r  a  l i n e a r  p o t e n t i a l .  We should however no- 
t i c e  t h a t  f o r  a  general  p o t e n t i a l  (5) r epresen t s  a l o c a l  approximation and is thus  
only v a l i d  in  t h e  shor t  time l i m i t ;  i n  o rde r  t o  e l imina te  t h e  spurious  long time 
behavior we mult iply  (5) by a  S t ru t insky  smoothing f a c t o r  f M  ($y! 11, p. 5391 
( t h e  usual  technique t o  handle t h i s  problem, namely Laplace invers ion by saddle  
point  method t u r n s  out  t o  be not  accurate  enough here ) ;  t h e  Laplace invers ion  i s  
then performed numerically what i s  of no major problem because t h e  Strut insky f a c t o r  
c u t s  t h e  8- i n t e g r a t i o n  o f f .  
We d i d  t h i s  procedure f o r  a  harmonic o s c i l l a t o r  p o t e n t i a l  (3 dim., spher ica l )  and 
took y- 2.5 %ao; t h i s  corresponds t o  t h e  value taken indepent ly  f o r  a  pure Stru- 
t i n s k y  c a l c u l a t i o n  of f  and which turned out t o  be t h e  adequate value t o  damp ou t  
a l 1  s h e l l  e f f e c t s  131.  For a harmonic p o t e n t i a l  with c losed s h e l l s  t h e  Wigner func- 
t i o n  depends on t h e  c l a s s i c a l  energy only. I n  Fig.  1 we represent  Our r e s u l t s  toge- 
t h e r  wi th  the  S t ru t insky  c a l c u l a t i o n  ( ind i s t ingu i shab le  on t h e  drawing),  t h e  Thomas- 
Fermi, and exact r e s u l t s  (A = 224) Our " recons t i tu t ion"  of the  exact  func t ion  £rom 
the  s e r i e s  / 2 /  con ta ins  of course  no s h e l l  e f f e c t s  but  t h e  f a c t  t h a t  t h e  l a s t  bump 
(Fr iedel  o s c i l l a t i o n )  be fore  the  descent i s  reproduced exac t ly  a s  i n  t h e  S t ru t insky  
c a l c u l a t i o n  i ç ,  we th ink ,  a  remarkable f e a t u r e .  It means nothing e l s e  than t h a t  t h e  
expansion (2) con ta ins  t h i s  s u b t l e t y  demonstrating again t h e  high degree of accuracy 
Fig .  1 - Representa t ion of t h e  e x a c t ,  Stru- 
t i n s k y  and semic lass i ca l  ( i n d i s t i n -  
guishable  on t h e  graph) Wigner 
t ransform of p f o r  A = 224 i n  a  
s p h e r i c a l  harrnonic o s c i l l a t o r .  The 
pure Thomas-Fermi r e s u l t  i s  a l s o  
ind ica ted .  The r e s u l t s  a r e  shown a s  
a  func t ion  o f  t h e  reduced v a r i a b l e  
E = 2E/fiwo wi th  E = Hc. 
of t h e  Wigner Kirkwood expansion (2 ) .  We can now cons ide r  t h e  expansion (2) a s  t h e  
p r e c i s e  asymptotic s e r i e s  t o  t h e  S t ru t insky  smoothed Wigner d i s t r i b u t i o n  f  and a l s o  
Our v a l i d i t y  c r i t e r i o n  of t h e  expansion ( 3 )  f o r  t h e  Fermi func t ion  holds  : t h e  d i f -  
f u s i v i t y ,  though q u i t e  l a r g e ,  i s  s t i l l  considerably  smal l e r  than t h e  Fermi energy 
and a s  a  ma t t e r  of f a c t ,  f i t t e d  one crudely  a  Fermi func t ion  t o  t h e  d i s t r i b u t i o n  i n  
Fig.1,  a  d i f f u s i v i t y  parameter of a  c_ 4 MeV would be  found. This should b e  compared 
t o  t h e  Fermi energy EF h- 40 MeV such t h a t  t h e  exponen t i a l ly  smal l  e r r o r  contai-.  
ned i n  (2) wi th  r e spec t  t o  t h e  t r u e  smooth func t ion  i s  : exp(-EF/a)-exp (-10)- 
10-4 - 165. This e r r o r  i s  indeed very small  and exp la ins  t h e  complete numerical 
agreement between S t ru t insky  and Extended Thomas-Fermi c a l c u l a t i o n s  which has  always 
been found /4 / .  I n  complete analogy t o  what has  been done i n  t h e  case  of t h e  r e a l  
nuc lea r  d e n s i t y  we t h e r e f o r e  want t o  c a l 1  (2) t h e  leptodermous expansion /5/ of f  
i n  phase space. 
The Wigner d i s t r i b u t i o n  func t ion  f o r  nucleons i n  a  spher i ca l  Woods Saxon p o t e n t i a l  
i s  more complicated because i t  depends not  only on p2 l i k e  i n  t h e  harmonic o s c i l l a -  
t o r  case  but  a l s o  on $.$. For an e a s i e r  g raph ica l  d i s p l a y  we averaged t h e r e f o r e  over 
a l 1  d i r e & t i o n  of 3 ( see  however r e f . / 6 / ) ;  fur thermore t h e  R,p-dependence can-no t  
be  put  i n t o  t h e  one v a r i a b l e  which i s  t h e  c l a s s i c a l  energy; never the les s  we took a s  
one v a r i a b l e  a  a i n  t h e  reduced harrnonic o s c i l l a t o r  energy E = 2 H ~ ~ O / ? I  wo 
= 41 A-'/') and a s  a  second v a r i a b l e  0 = a r c t g  (p/R) which thus  r ep resen t  s o r t  
of po la r  coord ina tes  i n  phase space. A more de l i caqe  problem c o n s t i t u t e s  t h e  choice  
of y i n  t h e  S t ru t insky  smearing func t ion  f~ (By). We took i t  p ropor t iona l  t o  t h e  
abso lu te  va lue  of t h e  l o c a l  cu rva tu re  of t h e  p o t e n t i a l  and int roduced t h u s  a  R- 
dependent y . However f o r  regions  where t h e  l o c a l  cu rva tu re  dropped b e l o w K w o  
( t h e  corresponding harrnonic o s c i l l a t o r  value)  we took y e h  wo. This  somewhat ad hoc 
p r e s c r i p t i o n  turned ou t  t o  be  appropr ia t e  i n  o rde r  t o  r e c o n s t i t u t e  most a c c u r a t e l y  
t h e  t r u e  Wigner d i s t r i b u t i o n  t o  which (2) is i ts  asymptotic expansion. 
I n  Fig .  2  we d i sp lay  Our s e m i c l a s s i c a l  r e s u l t  of t h e  Wigner t ransform of p . P r e l i -  
minary s t u d i e s  show t h a t  t h e  corresponding Wigner t ransform of t h e  exact  p agrees  
on t h e  average r a t h e r  we l l  w i th  t h e  s u r f a c e  p a r t  ( i n  phase space) of t h e  semiclass i -  
c a l  va lues .  As be fo re  t h e  quantum o s c i l l a t i o n s  i n  t h e  i n t e r i o r  a r e  however comple- 
t e l y  washed out  i n  t h e  s e m i c l a s s i c a l  c a l c u l a t i o n .  
The r e c o n s t i t u t i o n  of t h e  phase space d i s t r i b u t i o n  has  been performed i n  o rde r  t o  
v i s u a l i z e  what i s  behind t h e  expansion (2) and t o  a s s e s s  i t s  accuracy; f o r  many 
a c t u a l  c a l c u l a t i o n s  however we can p e r f e c t l y  use  eq.  (2) and a s  a  mat ter  of f a c t  
i t  i s  p re fe rab le  t o  use  (2) ins t ead  of t h e  r econs t ruc t ion  because it i s  e a s i e r  t o  
handle  and a t  t h e  same time more accura te .  The l a t t e r  po in t  comes £rom t h e  f a c t  
t h a t  t h e  p a r t i a l  r e s u m a t i o n  (5) of t h e  g rad ien t  terms des t roys  t h e  o rde r  by o rde r  
cons i s t ency  i n *  inherent  t o  e q . ( 2 ) .  For some problems i t  i s  never the les s  very im- 
po r t an t  t o  know t h e  behavior  of f  i n  phase space one of which i s  t h e  Hartree-Fock 
problem t o  which we want t o  t u r n  now. 
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The understanding of the meaning of eq.(2) as a leptodermous expansion in phase 
space leads namely directly to a novel solution of the semiclassical Hartree-Fock 
problem. This needs no knowledge of a functional~[pl and makes directly use of 
the fast convergence of (2) (faster than the functional ~ r p ]  where one has to 
go to fourth order /7/ whereas ( 2 )  is usually converged after the h2-term). 
The very simple procedure is as follows : we have to find a parametrisation of 
f(~,p) such as shown in Fig.2; with this trial ft we construct the Wigner transform 
of the non local Hartree-Fock field vHaF.(R,p) and insert it into the non local 
generalisation of eq.(2); we find a corresponding Wigner Kirkwood fWeK. and the 
parameters of ft are found in adjusting a number of moments of R and p such that 
where dn can be any power of R and p (also fractional powers) or any function 
of R and p such as R-p etc. The number n must of course be equal to the number of 
parameters necessary for ft. As we will show this procedure is variational and will 
thus depend little on the specific set of functions Ozn but still one should check 
the convergence of the procedure as a function of n. 
Instead of adjusting moments it would also be feasible to calculate the groundstate 
energy with fWeK. depending on the parameters via v ~ . ~ .  (R,p) and ft and minimise. 
We instead want to show here that the procedure (6) is variational. 
Fig. 2 - Smooth Wigner distribution 
- 
f (E ,  6 )  , E = 2 ~ ~ ~ ~ / 6 ~ ~  
8 = artg p/R for a Woods 
Saxon potential (V,= -50 MeV 
R = 7.3 fm a = 0.6 fm 
A = 224, usual notation). 
Thetwiggle indicates that 
we averaged over al1 direc- 
tion of 3 in order to al- 
low for a convenient gra- 
phical representation as 
a function of two variables 
only. 
The variational principle for Slater determinants can be castinto the form 
where the matrix of Lagrange multipliers assuresthat the single particle density 
matrix corresponds to a Slater determinant. The meaning of al1 other terms in (7) 
is self evident. The variational principle (7) leads to the following equation 
H.F. Equation (8) is usually solved with h / i > = E; 1 i > where the single parti- 
cle States 1 > are used to construct p ; self consistency is achieved when p 
entering hHa" is the same as the P constructed from (i > . This procedure nssu- 
res trivaill that p2 = p and defines implicitly p as a functional of hH-F- : 
p = p [hp.'? . This functional cannot be given explicitly in general but in (2) 
as a special case the functional is known. It is well known /8/ and easy to verify 
that this functional solves [hHaF-, p)= O order by order in a. It therefore 
remains to show that also p2 = p is verified to each order in 4 (to lowest or- 
der this is of course trivially the case since 82 = O). To this purpose we take 
the Wigner transform of = p and obtain with p= po + fi2 p2 to second order 
in+ : 
9. 
- i C - 
where A = VR V - V VR is the classical operator defining the Poisson 
bracket. Equation ( 5 )  is O! course a quite subtle relation since as we see from 
(2) it involves products of distributions; for their evaluation we first consider 
(9) at finite temperatures and let T go to zero at the end. We thus have 
Lnserting (10) into (9), using (2) for P2, explicitly performing al1 derivatives 
on the Fermi function (what introduces higher powers of F), and then taking the 
limit T -t O, we f ind that (9) is verif ied (order 3'). We thus conjecture that 
p2 = p holds order by order in l r .  
This leads us to the very gratif~ing result that the semiclassical functional (2) 
f (g,$)= f [ hH.F.3 is sotution of the variational equation (8). 
We applied this to a simple mode1 case in using two Skyrme forces SI11 and SV11 
for symetric (N=Z) systems neglecting spin orbit and Coulomb terms. For Skyrme 
forces ourproblem is simplified since only local quantities are needed. We thus 
have to parametrise only the density and not the full phase space distributions. 
Semiclassical (liquid drops) densisities are Fermi function-like and one can show 
that 
with F(r) a Fermi function is a systematic expansion of the semiclassical density; 
we actually kept only the linear term in (11) whic amounts to represent p(r) as 
a superposition of F and PZ, i.e. i, (r)= ul  F + ci2 Fq. The four parameters can be 
fixed with (6)  in choosing On = rn with n = -1,0,1,2. Actually there is one 
further parameter EF contained in (2) which is as usual determined £rom the parti- 
cle number condition. 
Our semiclassical results obtained in this way are of course to be compared with 
self-consistent Strutinsky Hartree-Fock (HFS) calculations what we do for a number 
of cases in table 1. (We are grateful to Dr J. Bartel for providing us with the HFS 
results). 
We see on the whole excellent agreement between semiclassical(W.~.)and HFS results.It 
has been noticed before /9/ that average densities are actually closerto F' than to 
F. This subtlety is very well reproduced in Our study confirming once again that 
fine details are contained in (2). In Fig. 3 we also compare Our ~emiclass~cal den-. 
sity with the exact one and see that good agreement on the average is achieved. 
A further delicate test for Our theory is the determination of the level density 
parameter g (E~) at the Fermi surface. It can be directly calculated (without ma- 
king the detour over a low temperature expansion) £rom (2) with 
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A 40 140 184 
HF -397.3 -1649.6 -. 2246.9 
Etot[~ev1 HFS -382.1 - 2230.7 
S III WK -384.2 -1642.7 - 2225.3 
HF -397.1 -1649.2 - 2243.4 
Etot[~ev1 HFS -1648.5 - 2238.4 
S V I 1  WK -388. O -1651.1 - 2237.4 
Table  1 
Fig .3  - Exact Hartree-Fock d e n s i t y  
( f u l l  l i n e )  and semic l a s s i -  
c a l  d e n s i t y  (broken l i n e )  
f o r  N = Z = 92(S I I I ) .  
We f i n d  f o r  t h e  c a s e  A = 184 (S I I I )  g = 9 .58  t o  be  compared wi th  t h e  HFS r e s u l t  of 
g r  8.52 . This  shows t h a t  a l s o  f o r  t h i s  q u a n t i t y  Our t heo ry  g ives  ve ry  s a t i s f a c -  
t o r y  r e s u l t s .  Not ice  t h a t  u s u a l l y  c a l c u l a t i o n s  u s i n g  t h e  d e n s i t y  f u n c t i o n a l  method 
a r e  about 20 t o  30% away from t h e  HFS r e s u l t  though Brack and c o l l a b o r a t o r s  / I O /  
seem to have overcome this difficulty. On the other hand it seems impossible within 
the density functional method to calculate such quantities as a/a EF g(EF) becau- 
se of a diverging result whereas in the Wigner Kirkwood method this is perfectly 
possible. 
As a last point we would like to mention that Our theory can easily be generalised 
to finite temperatures. We only have to make the same expansion as in eq.(l) for 
the temperature dependent density matrix 
Al1 step and 6-functions in (2) have then to be replaced by 8 (EF-H~) + F (H,), 
6' (E~-H,) +a%/ etc. It should be noticed that for temperatures T > 3-4 MeV 
where al1 shell effects are washed out Our method should essentially coincide with 
the exact H.F. method. 
In conclusion we can Say that in conjunction with a quite precise reconstitution 
of the Wigner distribution to which the usual K-expansion is its asymptotic expan- 
sion we have obtained a very clear picture of the meaning and the validity of Our 
semiclassical appraoch : the Wigner Kirkwood %-expansion constitutes a leptodermous 
expansion in phase space of the true average distribution which indeed has a surfa-- 
ce thickness in phase space (which can be characterised globally by diffusivity 
parameter of a e 4  MeV) quite small compared to the Fermi energy. Because of the 
exponentially small error involved in the asymptotic expansion we can assess the 
error to be of the order 10-4 - 10-5 in complete agreement with the accord which 
has always been found between semiclassical and Strutinsky calculations. 
From these considerations we deduce a novel method for the semiclassical Hartree- 
Fock problem. It uses directly the Wigner-Kirkwood expansion and does not have 
to make the laborious and somewhat undefined detour over a density functional 
T . The simplicity of Our approach allows us to envisage the use of finite 
range forces and inclusion of pairing and finite temperatures. 
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